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Abstract. Generalizing Milnor's result that an FTC (finite total curvature) knot has 
an isotopic inscribed polygon, we show that any two nearby knotted FTC graphs are 
isotopic by a small isotopy. We also show how to obtain sharper constants when the 
starting curve is smooth. We apply our main theorem to prove a limiting result for 
essential subarcs of a knot. 
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1. Introduction 

A tame knot or link type is one that can be represented by a polygonal space curve. It 
is clear that the corners of a polygon can be rounded off, so that a tame link can also be 
represented by a smooth, even C°°, curve. Conversely, given a curve, it is relatively 
easy to find an isotopic inscribed polygon. With less smoothness, the arguments become 
more intricate but are by now standard. Crowell and Fox IICF63I App. I] gave a detailed 
proof for curves, while Milnor IIMilSOII introduced the class of finite total curvature 
(FTC) curves, and showed they also have isotopic inscribed polygons. 

Thus any embedded FTC curve represents a tame link type; but tame links (even the 
unknot) can of course also be represented by curves of infinite total curvature or even infi- 
nite length. However, our work in geometric knot theory has suggested to us that FTC links 
are a very useful class, which might be considered as "geometrically tame". (See ISulOSL 
in this volume, for a survey on FTC curves. We show for instance that this is the natural 
class for standard results like Schur's comparison theorem.) 

Here, with a view towards convergence results in geometric knot theory, we exam- 
ine the question of how close two space curves must be in order to be (ambient) isotopic. 
Of course, the phenomenon of local knotting means that our notion of distance between 
space curves must control tangent directions as well as position. (Otherwise, within any 
distance e of any knot there would be infinitely many composite knots — with extra sum- 
mands contained in e-balls — and even certain prime satellites of the original knot.) We 
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also show that, when the initial curves are close enough, the ambient isotopy can be made 
arbitrarily small. 

The arguments of IICF63I IMilSOl not only produce one isotopic inscribed polygon, 
but in fact show that all sufficiently fine inscribed polygons are isotopic to a given or 
FTC curve. We recover this result, since finely inscribed polygons are nearby in our sense 
(with one caveat, discussed later). 

We prove three versions of our theorem. The first is restricted curves of positive 
thickness, that is, to C^'^ links, but it allows us to get nearly optimal bounds (in terms 
of the thickness) for how close the two curves must be before they are guaranteed to be 
isotopic. The second version, our main theorem, applies not just to links but to arbitrary 
knotted FTC graphs; it gives us control over the distance points are moved by the isotopy. 
The final version applies to links and allows us to prove that the isotopy is small even 
in a stronger sense. 

As an application of the main theorem, we consider the notion of essential arcs and 
secants of a knot, defined IIDDS06I in terms of certain knotted 0-graphs. We show that 
essential secants remain essential in limits, which is important for results IIDen04ll on 
quadrisecants. 



2. Definitions 

Definition. A (knotted) rectifiable graph is a (multi-)graph — of fixed finite combinatorial 
type — embedded in space such that each edge is a rectifiable arc. An FTC graph is a 
rectifiable graph where each arc has finite total curvature. 

We note that Taniyama llTan98ll has considered minimization of the total curvature 
of knotted graphs, including analogs of the Fary/Milnor theorem. 

For an introduction to the theory of knotted graphs, see ||Kau89l| : in particular, we 
are interested in graphs with what Kauffman calls topological (rather than rigid) vertices. 
The k edges incident to a vertex v can be braided arbitrarily near v without affecting the 
knot type of the graph. We do not require our graphs to be connected, so our results apply 
to links as well as knots. 

As mentioned above, in order to conclude that nearby knots are isotopic, we need 
to use a notion of distance that controls tangent vectors. A standard notion would be, for 
instance, C^-convergence of curves. Our goal, however, is to consider curves which 
need not be C^. Recalling that a rectifiable curve has a well-defined tangent vector almost 
everywhere, we can make the following definition. 

Definition. Given two rectifiable embeddings F and F' of the same combinatorial graph, 
we say they are (5, 6)-close if there exists a homeomorphism between them such that cor- 
responding points are within distance 6 of each other, and corresponding tangent vectors 
are within angle of each other almost everywhere. 

Remember MSulOSII that any curve or graph F of finite total curvature has well- 
defined one-sided tangent vectors everywhere; these are equal and opposite except at 
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countably many comers of F (including of course the vertices of the graph). In the defini- 
tion of {S, 0)-close it would be equivalent — in the case of FTC or piecewise graphs — to 
require that the one-sided tangent vectors be everywhere within angle 9. 

3. Isotopy for thick knots 

Our first isotopy result looks at thick curves (that is, embedded C^'^ curves). Here we 
can get close to optimal bounds on the S and 9 needed to conclude that nearby curves are 
isotopic. 

The thickness t{K) of a space curve K is defined IIGM99II to be twice the infimal 
radius of circles through any three distinct points of K. A link is C^'^ (that is, with 
Lipschitz tangent vector, or equivalently with a weak curvature bound) if and only if it 
has positive thickness IICKS02I . Of course when K is C^, we can define normal tubes 
around K, and then t{K) is the supremal diameter of such a tube that remains embed- 
ded. (We note that in the existing literature thickness is sometimes defined to be the radius 
rather than diameter of this thick tube.) Points inside the tube have a unique nearest neigh- 
bor on K: the tube's radius is also the reach of K in the sense of Federer ||Fed59| . 

Fix a Unk K of thickness r > 0. Any other link which follows K once around 
within its thick tube, transverse to the normal disks, will be isotopic to K. This might 
seem to say that any link (t/2, 7r/2)-close to K is isotopic, but this would only work 
if we knew the correspondence used in the definition of closeness were the closest-point 
projection to K. We do see that {5, 6')-closeness is no guarantee of isotopy if 9 > tt/2 
(allowing local knotting) or if (5 > t/2 (allowing global strand passage). So the following 
proposition (which extends Lemma 6.1 from MDDS06L with essentially the same proof) 
is certainly close to optimal. 

(We note, however, that S > t/2 only allows global strand passage in the case 
where the thickness of K is controlled by self-distance rather than curvature. This caveat 
explains why we can later get some analogs of the following proposition even for curves 
whose thickness is zero because they have corners.) 

Proposition 3.1. Fix a C^'^ link K of thickness r > 0. For any 6 < t/4, set 9 := 
7r/2 — 2 arcsin(2(5 /t). Then any ( rectifiable) link K' which is (S, 9)-close to K is ambient 
isotopic; the isotopy can be chosen to move no point a distance more than 6. 

Proof. For simplicity, rescale so that r = 1, meaning the curvature of K is bounded 
by 2. Suppose p' and p are corresponding points on K and K', so \p' — p\ < S. Let pq 
be the (unique) closest point on K to p'. Then of course \p' — po\ < \p' — p\ < 5, so 
|p — Pol < 2(5. Standard results on the geometry of thick curves IIDDS06I Lem. 3.1] show 
that the arclength of K between p and po is at most arcsin(2(5), so by the curvature bound, 
the angle between the tangents Tp and Tp„ at these two points is at most 2 arcsin(2(5). The 
definition of [S, 6')-close means that the tangent vector (if any) to K' at p' makes angle 
less than 9 with Tp, so by definition of 9 it makes angle less than 7r/2 with Tp„. 

This shows that K' is transverse to the foliation of the thick tube around K by 
normal disks. We now construct the isotopy from K' to K as the union of isotopies in 
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these disks; on each disk we move -p' to po. coning this outwards to the fixed boundary. 
No point in the disk moves further than p' does, and this is less than b. □ 



4. Isotopy for graphs of finite total curvature 

When generalizing our isotopy results to knotted graphs, we must allow corners at the 
vertices of the graph, so it is natural to consider FTC graphs with possibly additional 
corners along the arcs. Our main theorem will again show that sufficiently close curves 
are isotopic. 

Any curve with a corner has zero thickness r = 0, so it is perhaps surprising that 
an analog of Proposition 13.11 still holds. Perhaps the maximum possible value of & here 
could be taken as a different notion thickness of the curve; we do not explore this idea, 
but content ourselves with merely proving the existence of some positive 8. 

A preliminary combing lemma allows the main theorem to treat vertices on knotted 
graphs as well as sharp corners along a single strand. It was inspired by Alexander and 
Bishop's correction I1AB98II to Milnor's treatment of corners of angle tt. This case — where 
two or more strands leave a corner in the same direction, allowing infinite winding or 
braiding — is the most difficult, and seems to be the obstacle to creating an isotopy which 
is ((5, 6')-small in the sense described in Section]?] But this case does not need to be treated 
separately in our proof. 

This combing lemma is an example of the "Alexander trick" (compare ||Thu97l 
Prob. 3.2.10]). In general the trick shows that any homeomorphism of the unit d-ball 
which fixes the boundary is isotopic to the identity. 

Lemma 4.1. Let B be a round ball centered at p, and suppose graphs T and V each 
consist of n labeled arcs starting at p and proceeding out to dB transverse to the nested 
spheres around p. Then T and V are ambient isotopic. In fact, any isotopy of dB which 
takes the n points ofT to those ofV can be extended to an isotopy of the whole ball. 

Proof. It suffices to show that F is isotopic to a configuration with n straight radial seg- 
ments to the same n points on dB. For then the same is true of F', and any two straight 
configurations are clearly isotopic (for instance by extending radially any given boundary 
isotopy). 

To straighten F, we comb the n strands inwards from dB, which we identify with 
the unit sphere. For < A < 1, let Pi{\) be the n points of intersection of F with the 
sphere \dB. Start with /i being the identity map, and define a family of maps f\ from 
the unit sphere to itself, continuous in A, such that fx takes Pi{\) to pi{\)/X for each i. 
The combing isotopy, at each time t, maps each concentric sphere XdB to itself, using the 
map /A+(i-A)t ° .f\^- Thus at time t on the sphere of size A, we see the same picture that 
was initially on the sphere of size A + (1 — \)t; see Figure[T] It follows that at time t = 1 
the strands are all straight. □ 

As we have mentioned, if two (or more) strands of F leave p with a common tangent, 
then they might twist (or braid) around each other infinitely often. But outside any sphere 
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Figure 1 . The isotopy of Lemma |4T| straightens strands in a ball by 
combing them inwards. Only the outer half of the time pattern (left) 
is still seen at time ^ (center); at time 1 (right) we have straight radii. 



XdB they can twist only finitely many times, explaining why the isotopy constructed in 
the lemma has no trouble combing this out. 

Theorem 4.2. Suppose T is a knotted graph of finite total curvature and e > Q is given. 
Then there exists (5 > such that any (rectifiable) graph T' which is (S, ir /8)-close to T 
is ambient isotopic to T, via an isotopy which moves no point by more than e. 

Proof. We begin by selecting a finite number of points pj on F (including all its vertices) 
such that these points divide F into arcs each of total curvature less than 7r/8. (Note 
that any corner in F of turning angle at least 7r/8 must be included among the pj.) 

Let ri be the minimum distance between any two arcs au which are not incident 
to a common pj (or the minimum distance between points pj, if this is smaller). Set 
r2 :~ min(ri/2, e/2). Consider disjoint open balls Bj of radius 7'2 centered at the pj. 
Each arc leaving pj proceeds monotonically outwards to the boundary of Bj (since 
its curvature is too small to double back). Also, Bj contains no other arcs (since r2 was 
chosen small enough); indeed no other arcs come within distance r2 of Bj. 

Note that F \ |J_Bj is a compact union of disjoint arcs (3k C ak- Let be the 
minimum distance between any two of these arcs [3k- Considering endpoints of various (3k 
on the boundary of a single Bj, we note that r3 < 2r2 < e. 

For each (3k, we construct a tube Tk around it as follows. Suppose pj and pji are 
the two endpoints of ak D (3k- Foliate \ [Bj U Bji) by spheres of radius at least r2 
(and one plane, bisecting PjPjT) in the obvious smooth way. (Their signed curvatures vary 
linearly along PjPj'.) Note that because the arc ak has total curvature less than 7r/8, by 
OSulOSI Lem. 2.3] it is contained in a spindle of revolution from p to p', of curvature 7r/4. 
Within this spindle, the normal vectors to the foliating spheres stay within angle tt/8 of 
PjPj', as do the (one-sided) tangent vectors to ak. Thus (3k is within angle 7r/4 of being 
normal to the foliation; in particular it is transverse. Finally, we set r4 := r^/G and, 
for each point q G (3k, consider the foliating sphere through q and in particular its 
intersection with Br^ (q), a (slightly curved) disk Dq. The tubular neighborhood Tk is the 
union of these disks over all q & (3k- Since < r2/3, the normal vector along each Dq 
stays within angle 2 arcsin ^ < tt/B of that at its center q, hence within 7r/4 of pjpf- 
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We have thus found a neighborhood iV of F which, as shown in Figure |2l is foliated 
by round spheres near the pj and almost flat disks along the (3^', the graph T is transverse 
to this foliation F. 

Now take S r^/S < r2/9 and consider some F' which is {5, 7r/8)-close to F. We 
will see that F' lies within our neighborhood N and is also transverse to the foliation F, 
except perhaps near the pj. To find an ambient isotopy from F' to F, we proceed in two 
stages. 

First we find the points p'j e F' corresponding to pj G F, and construct an isotopy / 
supported in the Bj as follows: the map moves each point along a straight line; p'j moves 
to Pj, each boundary point q G dBj is fixed, and the map is linear on each segment pjq. 
Because F' was {S, 7r/8)-close to F, and because p'j was so close to pj compared to the 
radius r2 of Bj, the resulting F" := /i(F') at time 1 has radial strands within each Bj, so 
we will be able to use the combing lemma. 

In fact, we claim that F" is contained in N and transverse to the foliation F. The 
original correspondence between F' and F (showing they were (J, 7r/8)-close) did not 
pair points in the same leaf of the foliation. But outside the Bj, for each point q' on the 
arc of F" = F' corresponding to Pk, consider the leaf of the foliation it lies in and the 
unique point qo G f3k on the same leaf. The distance j?' — goj might be slightly bigger 
than the distance \q' ~ q\ < 5 in the original pairing. However, since the angles of the 
curves and the foliation are so well controlled, it is certainly well less than 26 < r^; the 
tangent directions at q and go are certainly within tt/B of each other That is, even under 
the new correspondance (q' to go) these arcs of F' and F are {25, 7r/4)-close. This proves 
the claim. 

Second, we construct an isotopy J which is supported in N and which preserves 
each leaf of the foliation F. On the disks in the tubes Tk this is easy; we have to move 
one given point in the disk to the center, and can choose to do this in a continuous way. 
On the boundary dBj we define J to match these motions in the disks and fix the rest of 
the sphere. Finally, we use Lemma|4T|to fill in the isotopy J in the interior of the balls. 
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By construction, the overall isotopy / followed by J moves points less than e, as 
desired: within each ball Bj we have httle control over the details but certainly each point 
moves less than the diameter 2r2 < e; within Tk each point moves less than r^^ <^ e. □ 

Even though we have emphasized the class of FTC curves, we note that a very similar 
proof could be given for the case when F is piecewise C^. We would simply choose the 
points pj such that the intervening arcs at, while potentially of infinite total curvature, had 
tangent vectors staying within angle 7r/8 of the vector between their endpoints. Compare 
the beginning of the proof of Proposition 17 . 3 I below. 

As we noted in the introduction, we can recover the following result: given any FTC 
(or C^) link, any sufficiently fine inscribed polygon is isotopic. When the link is C^, 
this is an immediate corollary, sine the polygon will be ((5, 0)-close. For an FTC link K 
with corners, even very finely inscribed polygons will typically cut those corners and thus 
deviate by more than angle 7r/8 from the tangent directions of K. But, using Lemma 143] 
near those sharp corners, we see immediately that the polygon is isotopic to one that does 
use the corner as a vertex, and thus to K. 

5. Tame and locally flat links and graphs 

Remember that a tame link is one isotopic to a polygon. Tame links clearly satisfy the 
following local condition. 

Definition. A link K is locally flat if each point p ^ K has a neighborhood U such that 
([/,[/ n isT) is an unknotted ball-arc pair. (Unknotted means that the pair is homeomorphic 
to a round ball with its diameter.) 

We can generalize the definitions to knotted graphs. 

Definition. A knotted graph F is tame if it is isotopic to a polygonal embedding; it is lo- 
cally flat if each point p e F has a neighborhood U such that {U,U DT) is homeomorphic 
to a standard model. At a fc-fold vertex this standard model is a round ball with k of its 
radii; along an arc of F it is an unknotted ball-arc pair. 

Again, tame graphs are clearly locally flat. In the mid-1950s, Bing IIBin54l and 
Moise ||Moi54| independently proved the much more difficult converse: any locally flat 
graph is tame. 

Our main theorem showed that an FTC graph is isotopic to any other nearby graph. 
This implies that FTC graphs are tame: as long as we include sharp corners among the 
polygon vertices then sufficiently fine inscribed polygons will be {6, 7r/8)-close. 

Here we note that it is much easier to prove directly that FTC graphs are locally flat. 

Proposition 5.1. Graphs of finite total curvature are locally flat. 

Proof. Let po G T be any point along a graph of finite total curvature. Repeat the con- 
struction at the beginning of the proof of Theorem |4.2| but include po among the pj. This 
gives a ball Bq around po containing only k radial arcs of F. By Lemma [43] this ball is 
homeomorphic to any other such ball, in particular to the standard model. □ 
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Figure 3. In this knotted 0-graph the ordered triple (a,/?, 7) is es- 
sential. The curve 6 is the parallel to a U /3 having linking number zero 
with a U 7. The fact that it is homotopically nontrivial in the knot com- 
plement R"^ \ (a U 7) is the obstruction to the existence of a spanning 
disk. In this illustration, /3 is the straight segment pq, so we equally say 
that the arc a of the knot a U 7 is essential. 

6. Applications to essential arcs 

One strand of work in geometric knot theory attempts to show that knotted curves are 
geometrically more complex than unknots. One of the earliest results in this direction 
is the Fary/Milnor theorem, which says a knotted curve has more than twice the total 
curvature of a round circle. Interesting measures of geometric complexity include rope- 
length IICKS02I and distortion lKS97l . 

We have recently obtained new lower bounds for both ropelength IIDDS06I and dis- 
tortion IIDS04I of knotted curves using the notion of essential arcs. Generically, a knot K 
together with one of its chords pq forms a 0-graph in space; being essential is a topologi- 
cal feature of this knotted graph. The following definition, introduced in IIDen04llbDS06l 
and illustrated in Figure |3] is an extension of ideas of Kuperberg |Kup94| . 

Definition. Suppose a, (3 and 7 are three disjoint simple arcs from p to q, forming a 
knotted 8-graph in M.^. We say that (a, /?, 7) is inessential if there is a disk D bounded 
by the knot a U /? and having no interior intersections with the knot a U 7. (We allow 
self-intersections of D, and interior intersections with /?; the latter are necessary if a U /? 
is knotted.) 

Now suppose p and q are two points along a knot K, dividing it into complementary 
subarcs 7^^ and 7^^. We say 7pq is essential in K if for every e > there exists some 
e-perturbation S of pq (with endpoints fixed) such that K U S is an embedded 0-graph in 
which (7pq, S, "fqp) is essential. 

Allowing the e-perturbation ensures that the set of essential arcs is closed in the set 
of all subarcs of K; it also lets us handle the case when 5* intersects K. We could allow the 
perturbation only in case of such intersections; applying an argument like Lemma l4n in 
the case of an embedded (no intersections) shows this definition would be equivalent, 



Convergence and Isotopy for FTC Graphs 



9 



at least when the knot K is FTC. We require only that the perturbation be small in a 
pointwise sense. Thus S could be locally knotted, but since the disk in the definition can 
intersect (3 ~ S this is irrelevant. 

This definition of essential in terms of 0-graphs was what led us to consider knotted 
graphs and to look for a result like Theorem l4.2l We now apply that theorem to show that 
essential arcs are preserved in limits. (In IIDDS06I Prop. 6.2] we gave a similar result, but 
since we did not yet have Theorem |4.2| we had to restrict to C^-^ knots only. The proof 
below does closely follow the proof there, Theorem |4. 2| being the main new ingredient.) 

Proposition 6.1. Suppose a sequence of rectifiable knots Ki converge to an FTC limit K 
in the sense that Ki is (6i,'K/10)-close to K with Si — > 0. Suppose that the Ki have 
essential subarcs "fp-q- with pi p and qi — + q. Then jpq is an essential subarc of K. 

Proof. We can reduce to the case pi = p, qi = q (but with tt/IO above replaced by tt/8) 
by appyling euclidean similarities (approaching the identity) to the AV 

Given any e > 0, we prove there is an 2e-perturbation S of pq for which {-fpq , S, jqp) 
is essential. Then by definition jpq is essential. 

We want to find an ambient isotopy / from some Ki to K which moves points less 
than e. So apply Theorem l4.2l to K to determine S > and then pick i large enough so that 
the knot Ki is {5, 7r/8)-close to K. The ambient isotopy / guaranteed by Theorem 14.21 
with K ~ I{Ki), moves points less than e, as desired. 

Since jp^q^ C Ki is essential, by definition, we can find an e-perturbation Si 
of piqi such that {'^ptqi, Si,'yq-^p-) is essential. Setting S := I{Si), this is the desired 
2e-perturbation of pq. By definition, the 9-graph Ki U Si is isotopic via I to K U S,so 
in the latter {"fpq, S, "fqp) is also essential. □ 



7. Small isotopies in a stronger sense 

The isotopy constructed in Proposition 13.11 is small in a pointwise sense. But we have 
required our curves to be close in a stronger sense. We will say that a isotopy /, or 
more precisely its time-1 map /i, is {S, 9)-small if Ii moves no point distance more than 5 
and its derivative turns no tangent vector more than angle 6. Note that under such a small 
isotopy, every rectifiable graph F is ((5, 0)-close to its image /i(r). (Although we could 
extend the definition of "small" for certain nonsmooth isotopies, we do not pursue this 
idea here. It remains unclear if the ball isotopy of Lemma 14711 could be made small in 
some such sense.) 

Lemma 7.1. Suppose an ambient isotopy is given for t G [0, 1] by It{p) = P + tf{p), 
where / : M.^ is smooth, bounded in norm by S, and X-Lipschitz. Then I is 

((5, arctan X)-small. 

Proof. Clearly each point p G F is within distance 5 of p' /i (p) . If w is the unit tangent 
vector to F at p, then its image, the tangent vector to F' at p', is w + 9^/, where < A 
by the Lipschitz condition. This differs in angle from v by at most arctan A. □ 
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The isotopy we built disk-by-disk in Proposition [TT] is not necessarily smooth, and 
does not necessarily satisfy the hypotheses of this lemma. In particular, since K might 
not be piecewise C^, its normal disks might not form a piecewise foliation, and the 
resulting isotopy would not even have one-sided derivatives everywhere. 

So we will use a different construction, not using the thick tube. Here, as in Theo- 
rem |421 we abandon any attempt to get optimal constants, but the starting curve can be 
any curve, as in Crowell and Fox's construction IICF63I App. 1] of an isotopic inscribed 
polygon. We begin with a lemma which captures what we feel is the essential ingredient 
of that argument. 

Lemma 7.2. Given a link K and an angle 6 > 0, there is some I > such that along 
any subarc a of K of length at most £, the tangent vector stays within angle 6 of the chord 
vector V connecting the endpoints of a. 

Proof. Because K is compact, its continuous tangent vector is in fact uniformly con- 
tinuous. Noting that v is an average of the tangent vectors along a, the result follows 
immediately. □ 

This implies that the distortion (the supremal arc/chord ratio) of any curve is 
bounded: by the lemma the ratio approaches 1 for short arcs, so the supremum is achieved. 

Proposition 7.3. Given a link K, we can find e > such that the following holds. 
For any S < £ and 6 < 7r/6, and any link K' which is {S, 6)— close to K, there is a 
{26, 26)-small ambient isotopy taking K' to K. 

Sketch of proof. Fix ^p < 5°, and find ^ > as in Lemma l772l Now set r := min |a: — y\, 
where the minimum is taken over all points x,y € K not connected by a subarc of length 
less than £. (Note that t < £.) 

Along each component of K, pick r G (t/50,t/40) and place points pj spaced 
equally at arclength r. The resulting inscribed polygon P has edgelengths in the interval 
[r cos Lp,r] and is (r sin (y9)-close to K, with turning angles at the pj less than 2ip. 
Rounding off the corners in a suitable fashion, we obtain a curve L whose radius of 
curvature is never less than 5r, and which is {d, Lp)-close to P for d < (sec (f — l)r/2 < 
r/500. We see that L is (t/400, 2(p)-close to K, and has radius of curvature at least r/10. 

We claim that the normal tube around L of diameter t/5 is embedded. This is true 
locally by the curvature bound. By standard results on thickness (cf. IC KS02IIDDS06I ) it 
can then only fail if there is a doubly-critical pair on L at distance less than t/5: a pair 
whose chord is perpendicular to L at both ends. Then there would be a nearby pair on K, 
still at distance less than t/4. Since an arc of L connecting the doubly critical pair must 
turn at least tt, the pair on X cannot be connected by an arc of length less than £. Thus we 
have a contradiction to the choice of r. 

Now choose e := r/100. For any S < e and 9 < tt/6, if K' is {S, 6')-close to K, 
then it is easy to check that both are C^, transverse sections in the tube of radius t/50 
around L. We construct an isotopy between them, supported in the embedded tube of 
radius r/10 around L. On each normal disk, we move a subdisk of radius r/25 rigidly, 
to move its center from K to K'. In the outer part of the thick tube, we extend in such a 
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way that the isotopy is C throughout space. The isotopy moves no points more than the 
distance between K and K' in the normal disk. This may be somewhat more than S, since 
the original pairing between the two links may have been different, but is certainly less 
than 26. 

To check that this isotopy turns tangent vectors at most 29, it is easiest to apply 
Lemma [tTI The Lipschitz constant A is basically determined by needing to turn K' by 
approximately angle 6 to match K. Because the normal disks get slightly closer to one 
another as we move off L in the direction of its curvature, and since we have smoothed 
outside the thinner tube, the constant goes up slightly, but not enough to violate the 29. 

□ 
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